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ABsrRAcr The relationship between the two-dimensional Hill model and the
David-Schor extension of the one-dimensional Zimm-Bragg model for the a .
(3 transformation in keratins is developed. On the basis of the assumptions of the
David Schor model, it appears unlikely that the Hill model in its present form
can give detailed agreement with the experimental tension-length isotherms.
INTRODUCTION
Keratin fibers exhibit remarkable elastic properties in which the molecular chains
can be assumed to have undergone a 2-1 reversible extension (1, 2). One of the
most noteworthy features of the elasticity of keratins is the rapid change of length
with respect to applied tension in the yield region which is the a-# transformation.
In this note we display the relationship between two models of this transformation:
The two-dimensional model of Hill (3) and the David-Schor (4) extension of the
Zimm-Bragg (5) model.
In previous work, we have considered a one-dimensional model for the stretching
of keratin fibers (4, 6, 7). It was shown by a Monte Carlo simulation that good
agreement to the experimental stretching data was obtained by using only the geom-
etry of the polypeptide chain and a reasonable hydrogen bond potential (5). We
have required that the theory predict the behavior of the tension-length isotherms
in the transition region as well as in the limits of zero and large applied tension.
DISCUSSION
It may be possible in the future to generalize the David-Schor model to a two-
dimensional one which could take into account the statistical mechanical equili-
brium of inter- and intrachain hydrogen bonds. The only existing two-dimensional
model for finite external tension, however, is that of Hill (3) who does not explicitly
introduce a nucleation parameter a. The cooperative nature of the transformation
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in the Hill model is dependent on two molecular quantities, W. and wo, the interac-
tion energies between a units within a chain and A3 units in adjacent chains respec-
tively. It is therefore necessary to determine the relationship of these quantities to
the nucleation parameter o. Consider the equation (3)
r(to- t) = In{f (n, + I - 2f)2,](ckT_ I - fn(1)1
where c represents the number of chains in a sheet, f the fractional number of units
in the a form, Jp the ratio of internal partition functions for the a and B forms
respectively and r, 4,X 4,a and T have their usual meanings.
n.1 = 1 - 4f(l -f)(l - ya) (2 a)
n,? = 1- 4f(1-f)(l - yp) (2 b)
where
Y, = exp(- Ca/kT) (3 a)
y, = exp(- co/kT) (3 b)
In order to make a comparison with the experimental data we define:
Inp = In[I-f (n +I-2f)2] (4a)
= lnJa, _ r(t- 4a) (4 b)ckT
At the midpoint of the transition region (f = )
In p = ln Yn = In J, - T( - )(5
Ya ckT(5
Define the slope of the isotherm given by equation 4, at f = , to be
(df/d lnp)f.1/2 = l/[4(ya'-12 + y-12 - 1)]. (6)
By comparing equation 6 with Applequist's (8) treatment of the Zimm-Bragg (5)
theory we obtain an expression for a in terms of Hill's parameters
(71/2= ya-1/2 + y1B-12- 1. (7 a)
Thus,
(df/d ln p)=1/2 = 14al/2 (7 b)
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Also, from equation 1,
(dfdr) /1/22y -1/y 2 -14ckT
Thus,
(df1d-r)f_l_2 1k /2 (9)
In order to make a comparison with the experimental data, it was assumed that the
tension acts only on the protofibrils, i.e. on 37 % of the cross-sectional area of the
fiber, and that there are 2.5 alpha helices per protofibril (9, 10). The resulting effec-
tive helix diameter is approximately 13 A. The yield region was expanded to 100%
extension by assuming that the experimentally observed percentage elongation at
the midpoint of the yield region corresponds to an extension of 50% for the extensi-
ble helical regions. Since there are two or three alpha helices per protofibril and
nine (or 11) protofibrils in a microfibril, c was set equal to 25. Based on the X-ray
diffraction data, 4 - 4 was taken as 1.8 A.
Using an isotherm obtained by Speakman (1) for Cotswold wool in water at
291°K we obtain (df/dr)f.112 = 2.5 X 105 dynes-'. The tension at the midpoint of
the transition region,f = 2, was estimated to be 1.3 X 10-6 dynes. We also assume
Ya = = y which considerably simplifes the analysis. Then from equation 9,
o- ~3 X 10-4 which gives agreement between the slope of the theoretical and
experimental tension-length isotherms at the midpoint of the transition region. Sub-
stituting this value of o- into equation 7 we obtain (for coa = cop,) -0.78 kcal/
mole.
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CONCLUSIONS
These values of o- and co were inserted into equation 1 and the entire isotherm
constructed (Fig. 1). On the basis of our assumptions the agreement between equa-
tion 1 and the experimental tension-length isotherm was found to be poor except
for a small region about the midpoint of the transition region where the agreement
was forced. The extent of the transition region predicted by the Hill model is much
less than found experimentally. We therefore believe that it is unlikely that the Hill
model (3), in this form and with our assumptions, can give detailed agreement with
the experimental tension-length isotherms.
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